Transport on a one dimensional asymmetric substrate is studied for the case of short, soft charged dimers, formed by two equal masses carrying charges of opposite sign. The stationary dimer currents are computed as functions of the drive orientation and the dimer parameters. Optimal transport conditions are predicted to depend on the dimer elastic constant, in close agreement with the simulation data. Correspondingly, the rectification dimer currents sustained by low frequency ac drives reveal a rich phenomenology, also investigated in detail.
Introduction
Directed transport of single adatoms deposited on asymmetric periodic one-and two-dimensional substrates can be achieved by driving the system out of thermal equilibrium. It is well known [1, 2] that a necessary condition for a nonvanishing rectification current to appear is a simultaneous breaking of spatial and temporal inversion symmetries.
Manipulating extended objects at the nanoscales proves to be a much more complicated task [3] , as one has to deal with the entropic effects that originate from the internal degrees of freedom of the transported objects. Brownian motors involving molecular aggregates, like polymer chains [4] , represent no exception. Attempts at investigating how entropic effects may impact the rectification of extended objects have been sporadic in the ratchet literature, with the significant exception of early studies on directed chains [5, 6] , polymer chains through asymmetric pores [7] and gasses of rigid rods of uniform linear mass [8] .
In this paper we study the stochastic dynamics of short chain segments moving on periodic, possibly asymmetric substrates and subjected to two opposite pulling forces applied to their endpoints. The reference system we analyze in detail is an overdamped dimer formed by two attracting pointlike masses carrying opposite charges of different magnitude and moving in a viscous medium. Such an elastic dimer can model, for instance, fragments of a longer molecular chain terminating with atomic groups of different polarity or different effective charge, as is often the case in DNA electrophoresis [9] . Artificial realizations of our dimer model have been obtained by stretching a neutral molecular segment between two synthetic beads of different electronegativity [10] . Subjected to a dc or a low frequency ac electric field, such elastic dimers are expected to drift with net velocity that depends not only on the the applied drive and their environment (temperature and substrate), but also on their electrical and mechanical properties. A similar dimer model was previously studied in Ref. [11] , where the two dimer heads were assumed to be equally charged and, therefore, were pulled by an ac field in the same direction. Contrary to Ref. [11] , we focus here on the effect of a dc, zerofrequency and low frequency ac drive on the rectification current of a charged dimer formed by two opposite charges of different magnitude. Throughout the paper a zero-frequency ac drive refers to a center-symmetric unbiased square-wave ac drive with the period much larger than any relaxational time of the system. We focus in particular on the effects that length and elasticity have on the dimer transport properties. The results of the present report apply immediately to a variety of physical and biological systems, where the particle dynamics is naturally overdamped and constrained to (quasi) one dimensional (1D) substrates. Related topics of ongoing research include colloids [12, 13] or cold atoms [14, 15] in optical traps, superconducting vortices in lithographed tracks [16, 17, 18, 19, 20] , ion-channels [21] , cell membranes [22] , artificial and natural nanopores [23, 24, 25] , etc. However, even in the experimentally accessible case of a dimer subjected to a force oriented along a symmetry axis of an underlying two dimensional (2D) substrate, the most relevant observable is, indeed, the stationary 1D current in the force direction, as transverse diffusion is not significantly affected by the drive (see for a review Ref. [3] ).
Earlier reports have addressed related issue like the Brownian motion of rigid dimers either on 2D symmetric [26] , or 1D asymmetric potentials [27, 28] . Dimer elasticity was further shown to affect mobility and diffusion of a damped dimer on a symmetric [29, 30, 31, 32, 33, 34] and asymmetric substrate [35] , but not yet recognized as a viable control parameter in the design and operation of a Brownian motor. The main conclusion of this investigation is that dimer ratchtes are highly selective with respect to the length and the elastic constant of the transported dimers, so that they can work as efficient sieves for technological applications.
This paper is organized as follows: In Sec. 2 we introduce the model, define the units, and give the details of the numerical simulation and analytic integration algorithms employed in our investigation. Simulation and analytical results are compared and interpreted on the basis of simple phenomenological arguments in Sec. 3. In particular, the dimer elastic constant is shown to control both magnitude (Sec. 3.1) and sign (Sec. 3.2) of the dimer currents, whereas the dimer length (Sec. 3.3) and the substrate temperature (Sec. 3.4) play a significant role in determining the ratchet efficiency. The magnitude of dimer dispersion is analyzed in Sec. 4 as an effect of either thermal diffusion or a sinusoidal drive. Potential applications of dimer ratchets as selective sieves for short elastic segment chains are discussed in Sec. 5.
Dimer Ratchet Model
Let us consider a dimer with total electric charge Q, which performs a 1D Brownian motion in a ratchet potential U (x), subject to an external electric field E. For simplicity we neglect the possibility of the dimer to dissociate and assume that the two pointlike unit masses that make up the dimer are bound together by an attractive force that grows with the distance |x − y| between them. Further on we assume that without any external forcing the dimer has a non-vanishing equilibrium (rest) length d. In a 1D geometry this can be modeled by introducing a bistable interaction potential W (|x − y|) with two minima located at (x − y) = ±d.
For simplicity we assume that the two masses carry electric charges q 1 and −q 2 of opposite sign, say, q 1 , q 2 > 0. The total charge of the dimer is then Q = q 1 − q 2 and the net force acting on its center of mass is QE. In the overdamped limit, the coordinates x and y of the two dimer constituents obey the Langevin equationṡ
where F 1 = q 1 E and F 2 = q 2 E are the electrostatic forces acting on the molecules, T is the environment temperature and ξ(t), χ(t) are independent sources of white, zero-mean Gaussian noise with ξ(t)ξ(t ) = δ(t − t ) and χ(t)χ(t ) = δ(t − t ). Here and in the following the sign denotes derivative with respect to argument, e.g., U (x) = dU (x)/dx. It is convenient to introduce new variables µ = (x+y)/2 and η = (x−y)/2, with µ being the coordinate of the center of mass and 2η the instantaneous length of the dimer. In the new variables, the Langevin equations (1) becomė
where
Note that the effective temperature of the new variables is T /2. The corresponding Fokker-Planck equation for the distribution density P (µ, η, t) is given by
The function P (µ, η, t) obeys periodic boundary conditions in µ and natural boundary conditions in η. More precisely, P (µ, η, t) = P (µ + L, η, t) and lim η→±∞ P (µ, η, t) = 0, where L is the period of the ratchet potential U . The physical quantity of interest is the total particle current J
No average current flows in the η direction as long as W (|2η|) grows asymptotically faster than η, lest the dimer gets torn apart by the electric field. We focus on the case of an electrically charged dimer. Since for F 1 = F 2 the Eq. (3) can no longer be solved analytically, we expand the 2D probability density
where N η and N µ denote the number of modes in the η and µ directions, respectively. The length L η of the interval in the η-direction must be chosen sufficiently large to accommodate for the natural boundary conditions lim η→±∞ P (µ, η, t) = 0. Next we expand the functions U and W in the r.h.s. of the Fokker-Planck equation (3) into a Fourier series similar to Eq. (5). Finally, plugging Eq. (5) into the Fokker-Planck equation (3) and setting all time derivatives dC s,p /dt to zero, we obtain a linear system of equations for the coefficients C s,p in the stationary state. The disadvantage of this semi-analytical approach is the dimensionality of the resulting linear system. The total number of complex modes is N µ⊗η = (2N η + 1)(2N µ + 1). Taking into account the normalization condition for P (µ, η, t) and noticing that the distribution density is real, the number of independent coefficients in Eq. (5) is then given by (N µ⊗η − 1)/2. The high dimensionality of the linear system renders the mode expansion method to be not applicable for both fast and slowly growing interaction potentials. On one hand, for a slowly growing W (|x − y|), one has to increase the domain length L η so that the natural boundary conditions are satisfied. This would mean higher number of modes that should be taken into account. On the other hand, for a rapidly growing W (|x − y|), the gradient of the stationary probability density P (µ, η, t) increases thus requiring again a higher number of modes to ensure good resolution. Same arguments apply in the case of low temperatures, when the mode expansion fails due to sharp peeks in the distribution density. In cases when the mode expansion Eq. (5) fails, we resolve to a numerical integration of the Langevin equations Eqs. (2).
Dimer currents
In our quantitative analysis the effects of the dimer rest length d and elastic constant α have been modeled through the bistable interaction potential whereas for the asymmetric substrate we adopted the standard bi-harmonic ratchet potential [1]
corresponding to L = 1. In the following we focused our attention on driven short, soft dimers, with Q = −1, d 1 and α relatively small with respect to the curvature of the substrate at the barrier (well), (2π)
. For the sake of a quantitative interpretation of the computational results reported below, we remind that the center of mass of a rigid dimer, namely, a rod of fixed length a 0 moving in the ratchet potential (7), is bound to the effective potential [27, 31] 
(see Fig. 4(a) ). This potential is symmetric for a 0 → −a 0 and a 0 → a 0 + 2. Moreover, for a 0 = (2n − 1)/2 and (2n − 1)/4, with n = 1, 2, . . ., the potential (8) is mirror symmetric, so that dimers of that length cannot be ratcheted. Moreover, the amplitude of U + (µ, a 0 /2) never vanishes, but can be minimized by suppressing the longer wavelength, that is by setting a 0 = (2n − 1)/2. An elastic dimer with binding potential (6) travels predominantly in the stretched mode with approximate length a 0 = |F 1 + F 2 |/2α + d. Indeed, the energy barrier, αd 2 /2, separating the two dimer configurations can be overcome as an effect of thermal fluctuations and for |F 1 + F 2 |d T the stretched configuration is statistically favored with respect to the compressed one, Fig. 1(a) , with the bigger charge, q 2 , preceding the smaller one, q 1 , Fig. 1(b) . The interplay of stretched and compressed modes can become significant at high T or for time dependent drives, E(t). The above estimate for a 0 disregards both length fluctuations, induced by thermal noise, and periodic modulations, caused by the underlying substrate. As mentioned above, for a soft dimer such length modulations can be substantial. We assume now that, to a first approximation, dilatations and compressions of a dimer traveling on the substrate average out, as thermal fluctuations clearly do, see Eq. (2) for the exact dynamics of η. This is certainly acceptable when the pulling force of the electric field E is much stronger than that the stress applied by the substrate. Note that for α → ∞ the rigid rod limit is recovered (Sec. 3.3).
Current Peaks
In Fig. 2 we display our results for the dimer currents J ± (α) versus the elastic constant α. The superscripts in J ± denote the sign of the external electric field ±|E|.
For vanishingly small but still finite α, α = 0+, the transport properties of weakly bound (soft) dimers differ markedly from those of their decoupled constituents, or monomers, at α = 0. This can be understood by inspecting the boundary conditions of the distribution density P (µ, η, t). For any finite α, P (µ, η, t) decays to zero at η = ±∞. However, for α = 0 the non-periodic term W (2η) in Eq. (3) disappears and P (µ, η, t) becomes periodic in η. Therefore, at α = 0 the currents J ± get discontinuous, that is J ± (0+) = J ± (0), as illustrated in Fig. 2 . A free monomer current sets on when the amplitude of the driving force is large enough to overcome, possibly assisted by noise, the pinning force exerted by the substrate potential U , Eq. (7), namely F R = 3π to the right and F L = 3π/2 to the left [38] . In the case of two coexisting monomer species, each bearing charges of opposite sign, an external electric field tends to generate two opposite density (or mass) currents, both flowing against and over the substrate barriers. For E > 0, both inequalities q 2 > q 1 and F R > F L tend to orient the total monomer current to the left, J + (0) < 0, whereas, for E < 0, they favor opposite orientations of the total monomer current. As a consequence, the monomer current J − (0) gets suppressed and its sign depends on the magnitude of the applied field. Note that in More importantly, our data for J ± (α) exhibit a remarkable peak structure; as α approaches zero, the curves J ± (α) become highly non-monotonic. The location of the current peaks can be reproduced by means of a simple argument. As anticipated at the beginning of Sec. 3, the amplitude of the effective pinning potential (8) acting on a dimer of average length a 0 , is suppressed to a minimum for a 0 = (2n−1)/2; correspondingly, the dimer mobility is maximized. On making use of the explicit expression for a 0 reported above, the J ± (α) peaks are to occur for
The agreement with our numerical data of Fig. 2 is quite close especially for α n 1 (strong stretching). This means that the dimer currents are dominated indeed by the center of mass mobility of the stretched dimer. However, to a closer inspection, one notices that the n = 1 peak in J + (α) is more prominent than in J − (α), both being slightly shifted to higher α than predicted in Eq. (9) . Such a shift is a measure of the residual sensitivity of the center of mass coordinate, µ, to the substrate asymmetry, which affects its dynamics also at α = α n , through the coupling with the internal variable η (see Sec. 3).
Dimer Ratchet Currents
Now we demonstrate the possibility to separate dimers with different structure by using a periodic external field E(t) in the form of a square wave E(t) = ±|E| with period T Ω = 2π/Ω. At vanishingly low angular frequencies, Ω → 0, the instantaneous value of the current J(t) can be computed in adiabatic approximation, that is J(t) = J ± depending on the sign of E(t). As a consequence, the dimer net current J is obtained by averaging J(t) over one cycle of the driving force, that is [39] 
The curves J(α), also drawn in Fig. 2 , undergo multiple sign reversals at low Ω. This is related to the fact the for lengths a 0 of the stretched dimer close to (2n − 1)/2 and (2n − 1)/4, the spatial symmetry of the effective substrate potential (8) gets restored, thus making plausible for J to vanish. As commented in Sec. 3.1, this argument is only qualitatively correct and cannot be used to locate the actual current zeros. It should also be noticed that J turns positive thanks to the interaction W between its constituents. Indeed, in the decoupled monomer regime, α = 0, the total ratchet current J(0) would be negative, as at zero frequency both monomer species get rectified to the left [39] , see Fig. 2. 
Dimer length dependence
Consider now a dimer with exceedingly large elastic constant, α → ∞. In this limit, we can neglect the fluctuations of the dimer length and assume that in the η direction P (µ, η, t) collapses towards two delta-like peaks centered at η = ±d/2. Integrating Eq. (3) with respect to η, one easily obtains an analytically tractable 1D Fokker-Planck equation [38] 
for the reduced probability density
The dimer currents J ± ∞ and J in the limit α → ∞ can be thus obtained by quadratures [38] . Note that the effective potential in r.h.s. of Eq. (11) is the same as in Eq. (8), but with a 0 = d (regardless of the applied field E).
In Fig. 3 we show how the zero-frequency ratchet current (10) depends on the dimer rest length d at different α and T . Currents for finite α are computed by numerically integrating the Langevin equations (2). For very large α, such numerical solutions eventually approach the analytical solution obtained via Eq. (11) .
Assuming that the dimer always moves in the stretched mode (Sec. of the corresponding effective potential (8) , that is
Of course, this estimate for d 1 is tenable only for α > |F 1 − F 2 | -see discussions following Eqs. (8) and (9) . As to be expected, on decreasing α the current peaks in Fig. 3 get suppressed and the curves J(d) grow less sensitive to the dimer length. Moreover, also as in Sec. 3.2, the argument introduced above to locate the zeros of J ∞ (d), cannot explain why the two remaining zeros of the curves J(d) tend to close up on softening the dimer rigidity.
Temperature Dependence
Finally, the dependence of the dimer ratchet current on the temperature is addressed in Fig. 5 , where zero-frequency currents (10) are plotted versus T for different values of the rest length d and the elastic constant α. The resonant profile exhibited by the J(T ) curves is no surprise [1, 39] . It is explained as optimum of rectification between two extremes: the low and the high temperature limits. At low temperature the current is zero as the average particle drift is noise-induced. At high temperature the effect of the ratchet potential can be neglected, rendering identical unidirectional currents J ± , and , therefore, zero rectification current J = 0. Note however that these curves are extremely sensitive to the mechanical properties of the dimer. In particular we stress that the highest peak of the ratchet current J(T ) for a fixed d, see Fig. 5(a) , occurs for dimers of optimal elastic constant, close to α 1 .
Dimer Diffusion
The task of controlling particle transport is not accomplished by just fine-tuning some average current [40] : Thermal diffusion can overshadow the predicted current to the point that it can turn of no use for practical purposes. Effective transport results from the most convenient compromise between two conflicting requirements, i.e., optimizing the magnitude of the current and minimizing its fluctuations.
To show how interconnected rectification and diffusion can be, in Fig. 6 we display the diffusion coefficients
versus α for the simulation parameters of 2 . The diffusion peaks, however, are more structured, with a shoulder and a main peak to be associated, respectively, to the raising and decaying slopes of the corresponding J ± peak [41] . This phenomenon is well established in the ratchet literature and rests upon the observation that excess diffusion peaks signal depinning from the underlying ratchet potential in either direction [40] .
Excess diffusion is essentially a property of the translation motion of the dimer. However, looking at a single D ± pair, one further appreciates the impact of the internal dynamics on dimer transport. Indeed, as mentioned in Sec. 3.1, the difference in the location and width of the D ± peak cannot be explained within the approximate stretched mode scheme of Sec. 3.
Barrier crossing becomes even more sensitive to the dimer internal structure in the presence on an ac drive of finite frequency. The ratchet currents J discussed sofar, refer to the case of zero-frequency square-wave oscillating E(t) (see Sec. 3.2). For the sake of a comparison, we display in Fig. 7 the results of numerical simulations for sinusoidally oscillating fields with finite frequency, E(t) = |E| cos(Ωt), J being defined through the first identity of Eq. (10) with J(t) given in Eq. (4). Contrary to standard rocked ratchets [1, 39], we found that increasing Ω leads to enhanced rectification currents, at least at relatively low frequencies. As the dimer dynamics under study is overdamped, this property cannot be explained by advocating any internal resonance [31] , but rather a wormlike motion of soft dimers, where their constituents pass one another, while overcoming the substrate barriers. The analysis of this mechanism will be addressed in a forthcoming publication.
Summary and outlooks
The most obvious conclusion of this study is that dimers on a ratchet substrate can be efficiently separated not only according to their rest length [27] but also, and even more efficiently, depending on their elastic constant.
Many realistic situations can be devised where dimer ratchets are expected to operate as efficient particles separators. To this regard we remind that dimers have been studied here as simplified models for short linear chains. To make contact between these two classes of objects we observe that in Eq. (2) the effective temperature perceived by the center of mass of a dimer made of unit masses is T /2. A short elastic chain of linear mass µ c , rest length d and charged at the extremes, can also be mapped into our dimer model provided that its temperature is scaled as follows, T → , long chains are in fact colder than short ones, and this may affect the rectification power of the ratchet device as illustrated in Fig. 5 . As a consequence, a long electrically charged elastic string can split, for instance, into two shorter, more mobile fragments, which get rectified with different drift velocities, even in opposite directions.
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